We show that S-duality in four dimensional non-supersymmetric abelian gauge theories can be formulated as a canonical transformation in the phase space of the theory. This transformation is the usual interchange between electric and magnetic degrees of freedom. It is shown that in phase space the modular anomaly emerges as the result of integrating out the momenta degrees of freedom. The generalization to d dimensional abelian gauge theories of p-forms is also considered. In the case of non-abelian gauge theories a careful analysis of the constraints implied by the canonical transformation shows that it does not relate Yang-Mills theories with inverted couplings. In fact the dual theory is shown to be of Freedman-Townsend's type, also withτ = −1/τ , τ = θ 2π + 4πi g 2 .
Introduction
A lot of progress has been made in the last few years in the understanding of S-duality as a symmetry of four dimensional gauge theories. The conjecture of Montonen and Olive [1] that N = 4 supersymmetric Yang-Mills theories were invariant under strong-weak coupling with the exchange of the gauge group by its dual was tested in [2] , were it was shown that in fact the partition function transformed as a modular form. Some progress has been also made for N = 2 and N = 1 supersymmetric Yang-Mills theories [3, 4] . However a path integral derivation of S-duality is in general still unknown. In [8] Witten showed that S-duality in four dimensional abelian gauge theories [5, 6, 7] can be implemented at the level of the path integral in a very similar way to T-duality in non-linear sigma models in String Theory [12] . The idea is to consider a global isometry of the Lagrangian which can be expressed as translations of a given coordinate (the adapted coordinate), gauge this isometry by introducing a fake gauge field and impose the constraint that the curvature tensor associated to this gauge field is zero so that the gauge field is non-propagating. Integrating the Lagrange multiplier and fixing the gauge field to zero the original theory is recovered and integrating the gauge field and fixing the adapted coordinate to zero the new dual theory is obtained. In the case of T-duality the initial variables are 0-forms and the global isometry that is gauged is θ → θ + ǫ where θ is the adapted coordinate. In the case of abelian gauge theories the initial variables are 1-forms and the isometry which is gauged is A → A + ǫ where now the ǫ parameter is a 1-form. Then the gauge field which has to be introduced is a 2-form and its field strength a 3-form. In 4 dimensions the Lagrange multiplier imposing that the field strength vanishes is a 1-form, like the original gauge field, and the dual theory is expressed also in terms of 1-forms. Also for this non-supersymmetric case the partition function transforms as a modular function with a modular weight proportional to the Euler characteristic and the signature of the manifold [8, 9] .
Given the analogy with T-duality a canonical transformation must be beyond this path integral manipulation, since this is the case in T-duality [14, 15, 16] . In section 2 we present the explicit generating functional producing this transformation and show that it is the generalization of the functional in 2-dimensional non-linear sigma models to 4 dimensions and 1-forms. Under this transformation electric and magnetic degrees of freedom get interchanged (with the minus relative sign) as shown in abelian lattice gauge theories in [6] . The canonical transformation approach is the simplest in order to obtain the dual theory, also in this case in which in the Hamiltonian formulation one has to be careful with the constraints. It is easy to show that both the initial and the dual theory are defined in the same subspace of the phase space after the canonical transformation is performed. We show that in phase space the partition functions of the initial and dual theories coincide and that only after integrating out the momenta degrees of freedom the modular anomaly [8, 9] appears.
The same canonical transformation applied to the non-abelian case seems to relate YangMills theories with inverted couplings. However a careful analysis of the constraints points out that this is not the case. The dual theory is in fact of Freedman-Townsend's type [10] , i.e. it is expressed as a function of arbitrary 2-forms which are not derived from a vector potential. We show this in section 3.
The results presented in section 2 can be easily generalized to the case of d dimensional abelian gauge theories of p-forms, as it is explained in section 4. The modular anomaly in the transformation of the partition function is obtained. The implementation at the level of the path integral using a coset construction was presented in [11] .
The abelian case
In this section we construct the explicit canonical transformation which produces the change
with τ = θ/2π + 4πi/g 2 , for U(1) four dimensional euclidean gauge theories. Let us consider the Lagrangian
where
and
It was shown in [8] that the transformation (2. 1) could be derived at the level of the path integral by the usual Rocek and Verlinde's procedure [13] one follows to construct abelian T-duals of two dimensional sigma models in String Theory. In this case given a global abelian continuous isometry of the sigma model one can turn it local by introducing a fake gauge field in the Lagrangian by minimal coupling and imposing the constraint that this gauge field is non-dynamical. Solving this constraint and fixing the gauge field to be zero one recovers the original theory. If instead the gauge field is integrated and the gauge is fixed in the original variables a sigma model written in terms of the Lagrange multiplier introduced to impose the constraint is obtained. This is the dual sigma model. In [8] the same construction is applied to obtain the dual of the four dimensional abelian gauge theory. The global continuous abelian isometry in this theory is
where now the isometry parameter is a 1-form. This global isometry can be gauged by introducing a gauge field G, 2-form, which is imposed to be non-dynamical with the term
where the Lagrange multiplierÃ is a 1-form. IntegratingÃ the constraint dG = 0 is obtained, ie. G pure gauge, and we can recover (2. 2) by either fixing A = 0 or G = 0. On the other hand by integrating out G and then fixing A = 0 the following Lagrangian is gotten:
withF ± the self-and antiself-dual components ofF mn ≡ ∂ mÃn − ∂ nÃm . This is the S-dual of the initial electromagnetic theory since in the particular case θ = 0 it corresponds to the inversion of the coupling constant g.
In this procedure we have made an integration by parts in the Lagrange multipliers term and neglected a total derivative 1 . However this total derivative contains some information, in particular it implies that the initial and dual Lagrangians are equal up to a total time derivative, exactly what happens when two theories are related by a canonical transformation. To be more precise, the generating functional of a canonical transformation from {q i , p i } to {Q i , P i } is such that
If F is a type I generating functional (depending only on coordinates) H =H if and only if
This produces the canonical transformation
where greek indices run over spatial coordinates. The generating functional producing this canonical transformation is
This is the result one would expect a priori from what is known in two-dimensional sigmamodels, where the generating functional is given in terms of the adapted coordinate to the isometry θ and the Lagrange multiplierθ by [14, 15] 
14)
The Hamiltonian associated to (2. 2) is given by:
plus the constraints
Π 0 is a primary constraint and ∂ α Π α = 0 is the secondary constraint emerging from the equation of motion for Π 0 . They imply that the theory is defined in the reduced phase space given by Π 0 = 0, ∂ α Π α = 0. These constraints are also satisfied in the dual theory, since they are obtained directly from the canonical transformation. Then the dual theory is defined in the same reduced phase space than the original one. The relation (2. 12) is trivial in this subspace. However we need to consider it in order to recover the dual Lagrangian from the canonically transformed Hamiltonian, since for that we need the naive Hamiltonian without taking into account the constraints. Our purpose is to show that the canonically transformed Lagrangian is the dual Lagrangian and for that we do not need to study in detail the way the theory gets defined in the Hamiltonian formalism [17] , it is enough to show that both the initial and dual theories are defined in the same reduced phase space.
The canonically transformed Hamiltonian reads:
The corresponding Lagrangian is given by the dual Lagrangian (2. 6). Recall that (2. 11):
corresponds to the usual interchange between electric and magnetic degrees of freedom when there is no θ-term. Some useful information can be obtained within this approach. The generating functional (2. 13) is linear in both the original and dual variables. Then the following relation holds:
which implies:
eigenfunctions of the initial and dual Hamiltonians respectively with the same eigenvalue and N(k) a normalization factor [18] . From this relation global properties can be easily worked out. The Dirac quantization condition:
for Σ any closed two-surface in the manifold, implies forF :
andF must live in the dual lattice. Also from (2. 20) the transformation applies to any four dimensional manifold M since φ k [A] can be the result of integrating the theory in an arbitrary manifold with boundary.
We can obtain in phase space the modular anomaly emerging in the transformation of the partition function [8, 9] . The argument goes as follows. In phase space the partition function is given by 5 :
Then the dual phase space partition function is given by:
showing that in phase space the partition function is invariant under duality. Integration on momenta in (2. 23) gives:
with L given by (2. 2). The factor (Imτ ) B 2 /2 in the measure is the regularized (det Imτ )
coming from the gaussian integration over the momenta. B 2 is the dimension of the space of 2-forms in the four dimensional manifold M (regularized on a lattice) and emerges because the momenta are 2-forms. The same calculation in the dual phase space partition function gives:
withL given by (2. 6). We regularize the factor
(2. 28) 5 In order to have a well-defined partition function we have to fix the gauge symmetry. The following arguments are in this sense formal. 2 is the signature of the manifold. This is the modular factor appearing in [8, 9] . In phase space the partition function is simply defined as the integration over coordinates and momenta and it transforms as a scalar with modular weight equal to zero. Is only when going to the configuration space that the integrations over the momenta produce some determinants which after being regularized yield the modular factor found in [8, 9] . A very similar argument should apply to the transformation of the dilaton in two-dimensional non-linear sigma-models.
The non-abelian case
The canonical transformation approach can be generalized to the case of non-abelian gauge theories with compact group G. The initial Lagrangian is given by:
where F = dA − A ∧ A and we have chosen T r(T a T b ) = δ ab (T a are the generators of the Lie algebra). The conjugate momenta and the Hamiltonian are:
with f abc the structure constants of the Lie algebra. The equations of motion of the primary constraints Π a0 = 0 imply:
so that we can ignore the second term in the Hamiltonian keeping in mind that the theory is defined in the reduced phase space given by the constraints.
In the non-abelian case it proves more useful to use { * F 0α , Π α } as the coordinates in phase space and look for a canonical transformation
Then in order to define correctly the phase space of the theory we have to introduce first order formalism for the initial Lagrangian. The idea is to introduce a Lagrangian L[F , A], where nowF are arbitrary two-forms in the manifold, arranged to giveF = dA − A ∧ A from its equations of motion. Now theF have no dynamical meaning since they have no time derivative, and the momenta are conjugate to the A-variables:
It is easy to see that the following Lagrangian:
with F = dA − A ∧ A, is such that (3. 1) is obtained when solving the equations of motion forF . The canonical momenta are given by:
and coincide with (3. 2) when substituting the equations of motion. The Hamiltonian is also given by (3. 3). The canonical transformation 9) i.e. the usual interchange between electric and magnetic degrees of freedom, produces the following "dual" Hamiltonian:
which is of the same form than the Hamiltonian of the initial theory withτ = −1/τ . However one must be careful with the constraints. In particular the secondary constraints (3. 4) imply for the dual theory:
These equations are not satisfied by the Yang-Mills theory defined fromF , so although (3. 10) would naively imply that the dual theory is a Yang-Mills theory withτ = −1/τ , the analysis of the constraints shows that this is not the case. For the abelian theory the corresponding equation implies thatF is defined from a dual vector potentialÃ, but the absence of a non-abelian analogue of Poincarè's lemma does not allow to conclude the same in the non-abelian case. Inversely if we would consider (3. 11) as an equation determining A(F ) we would find incompatibility with (3. 9). We can then conclude that the usual interchange between electric and magnetic degrees of freedom does not relate Yang-Mills theories with inverted couplings. Let us now obtain the "true" dual theory. The point is to realize that in (3. 7) we can integrate A instead ofF and in this way a new theory is obtained. The equations of motion for A are:
which imply:
where R is the inverse of ad * F and it is a well defined matrix for arbitraryF in four dimensions. Substituting in (3. 7) we get: 14) whereF are arbitrary two-forms in the manifold 6 . This Lagrangian is of Freedman-Townsend's type [10] , i.e.F is the "fundamental" variable, not defined from a vector potentialÃ, and it has been already shown to be dual to Yang Mills [19, 20, 21] . We should remark that in order to have a well defined dual theory a prescription must be given for the pole when R becomes singular [21] . The Hamiltonian associated to (3. 14) looks quite different from the Hamiltonian of Yang-Mills and it is not easy to see if they could be related by a canonical transformation. In any case such a transformation would have to map a phase space of two-forms { * F 0α , Π α } into a phase space of two and one forms {F ,Π} (since the canonical momenta are conjugate to two forms), which means that if existing at all it would be quite different from an interchange between electric and magnetic degrees of freedom. Let us point out however that the first equation in (3. 9) (which maps two-forms on two-forms) produces the mapping from the constraint (3. 4) of the initial theory to the equation of motion (3. 11) of the dual. This means that after all this interchange could have some physical meaning.
In this section we have been able to obtain the dual theory by manipulating the path integral in a similar way to the one known in the abelian case. One just needs to consider the intermediate Lagrangian L[F , A] and integrate out eitherF or A to obtain the initial or the dual Lagrangians.
The group in which the dual variables live is the dual of the original group (the metric defined by its weight vectors is the inverse of the one in the original gauge group). In order to see this one needs to proceed more carefully in the previous derivation and take the original gauge fields in the fundamental representation of the gauge Lie algebra and the metric defined by the weight vectors g ab ≡ d ab . Following the steps explained above one arrives to a dual Lagrangian with metricg ab =d ab whered ab d bc ≡ δ 
Generalization to p-forms abelian gauge theories
The generalization to p-forms abelian gauge theories in d dimensions is direct from what we have studied in section 2 7 . We are going to consider the case d = 2(p + 1) which is the one in which both the initial and dual theories are expressed as functions of (p + 1)-forms 8 . The generalized S-duality transformation is implemented in the path integral by gauging the global isometry
where now A and the gauge parameter are p-forms. The total derivative term that gives information about the generating functional of the canonical transformation is dÃ∧dA, with A, the Lagrange multiplier, also a p-form.
It is immediate to show that the canonical transformation is generated by the type-I generating functional 9 :
which produces:
The same relation (2. 20) for the wave functionals holds in this case since the generating functional is linear in the initial and dual variables. From it we can obtain global information about the dual variables. We can also obtain the modular weight appearing in the transformation of the partition function [11] . Let us consider first the case p odd. p + 1 is even and then the theory allows for a θ-term. In phase space (we omit the p indices): 5) after regularizing the determinant coming from the gaussian integration on the momenta, (p + 1)-forms in this case. The dual phase space partition function coincides with the initial one and it is given by:
The configuration space partition function is:
7 Dualization of spin-0 and spin-2 gravity-like theories has been studied in [22] . 8 In the arbitrary case the dual theory would depend on (d − p − 1) forms. 9 Our conventions are:
where we have followed the notation in [11] , N p being the dimension of the space of p forms after substracting all the gauge invariances (see [11] for the detailed analysis). In the dual model the partition function is the same with τ → −1/τ . Then we have: In the case p even a θ-term does not exist. Similar arguments to the ones above yield:
(4. 9)
All these results agree with the ones presented in [11] .
Conclusions
We have seen that for non-supersymmetric abelian four dimensional gauge theories S-duality can be implemented as a canonical transformation in the phase space of the theory which is the usual interchange between electric and magnetic degrees of freedom. This transformation can be generalized to the case of non-abelian gauge theories, where it seems to yield a Yang-Mills theory with inverted couplings. However in this case the canonical transformation produces some constraints in the dual theory which in the absence of a non-abelian analogue of Poincarè's lemma do not imply that a dual vector potential exists. The dual theory is not a Yang-Mills theory but rather a Freedman-Townsend's type of theory [10] with inverted couplings. This is shown by defining an intermediate Lagrangian depending on the initial vector potential A and the dual variablesF and from which the initial and dual Lagrangians are obtained by integratingF or A respectively. It is argued that if a canonical transformation relating the two theories exists it would be far different from an interchange between electric and magnetic degrees of freedom. For the abelian case we have seen that in phase space the partition function is invariant under S-duality and it is only after integrating out the momenta degrees of freedom that a modular factor appears and the partition function in configuration space transforms as a modular function.
We have generalized the canonical transformation approach to d-dimensional abelian gauge theories defined with p forms and obtained the corresponding modular weights appearing in the transformation of the partition function.
It could be very interesting to generalize the results presented in this paper to the case of supersymmetric gauge theories.
